Abstract. Following ideas of Iriyeh and Shibata we give a short proof of the three-dimensional symmetric Mahler conjecture. Our contributions are simple self-contained proofs of their two key statements. The first of these is an equipartition (ham sandwich type) theorem which refines a celebrated result of Hadwiger and, as usual, can be proved using ideas from equivariant topology. The second is an inequality relating the product volume to areas of certain sections and their duals. Finally, we observe that these ideas give a large family of convex sets in every dimension for which the Mahler conjecture holds true.
Introduction
In [19] Mahler conjectured that for every centrally symmetric convex body K in R n , if one denotes by K • = {y; x, y ≤ 1, ∀x ∈ K} the polar dual of K and by |·| the volume, then
Equality is achieved by Hanner polytopes, in particular by cubes (the unit ball of ∞ ) and crosspolytopes (the unit ball of 1 , octahedra in R 3 ). Mahler proved the planar version of this conjecture, later Saint Raymond [28] , Reisner [27] and Karasev [14] respectively proved the conjecture for unconditional convex bodies, zonoids, and hyperplane sections of l p -balls (see also [9, 23] for simpler proofs of the first two and [4, 7] for other special cases). Milman and Bourgain [6] showed that the conjecture is true up to a multiplicative c n factor for some constant c > 0 (see also [24, 8] ). The best known lower bound was provided by Kuperberg [18] who showed that |K||K
• | ≥ π n n! . It is also known that the cube and Hanner polytopes are local minimizers [25, 16] and that the conjecture follows from other conjectures in systolic geometry [2] and symplectic geometry [3, 14] .
Iriyeh and Shibata [13] came up with a beautiful proof of this conjecture in dimension 3 that generalizes a proof of Meyer [23] in the unconditional case by adding two new ingredients: differential geometry and a ham sandwich type (or equipartition) result. In this mostly self-contained note we provide alternative proofs of their main two steps and derive the three dimensional symmetric Mahler conjecture following their work.
Theorem 1 ([13]). For every convex body
In Section 2 we prove an equipartition result which will be useful later. In Section 3 we derive the key inequality and put it together with the aforementioned equipartition result to derive the three-dimensional symmetric Mahler conjecture. Figure 1 . The main parts of our construction restricted to the planes H 1 , H 2 and H 3 . Gray marks are used on the positive sides of oriented lines and planes. In the middle and right figures the horizontal lines coincide with l 2 and l 3 , respectively.
• they split K into 8 pieces of equal volume, and • for each plane H i , the section K ∩ H i is split into 4 parts of equal area by the other two planes.
We should point out that in the proof of this theorem, the convexity of K is not used. The convex body K could be replaced by a centrally symmetric measure defined via a density function and a different centrally symmetric density function could be used to measure the areas of the sections. A celebrated result of Hadwiger [12] who answered a question of Grünbaum [10] shows that for any finite measure in R 3 there exists three hyperplanes for which any octant has 1 8 of the measure. There is a vast literature around Hadwiger's theorem, see [31, 26, 21, 20, 5] . Theorem 2 refines it when the measure is centrally symmetric in a way that is reminiscent of the spicy chicken theorem [15, 1] .
Proof of Theorem 2. The scheme of this proof is classical in applications of algebraic topology to discrete geometry. It is often referred to as the configuration-space/test-map scheme (see e.g. Chapter 14 in [30] ). Assume that H ⊂ R d is an oriented hyperplane with outer normal v. Let us denote the halfspaces H + = {x; x, v > 0} and H − = {x; x, v < 0}. If u ∈ H + , we say that u is on the positive side of H. Given the convex body K ⊂ R 3 , we parametrize a special family of triplets of hyperplanes by orthonormal bases U = (u 1 , u 2 , u 3 ) ∈ SO(3) in the following way.
Let H 1 be the oriented plane u ⊥ 1 with outer normal u 1 . Let l 2 , l 3 ⊂ H 1 be the unique pair of oriented lines through O (as in the left part of Figure 1 ) with the following properties:
• u 2 , u 3 are directed along the angle bisectors of l 2 and l 3 , • u 2 is on the positive sides of l 2 and of l 3 , • l 3 intersects the open positive cone spanned by u 2 and u 3 .
• The lines l 2 and l 3 split H 1 ∩ K into four regions of equal area, By using standard arguments it can be seen that these lines exist and depend continuously on U = (u 1 , u 2 , u 3 ). There is a unique oriented hyperplane H 2 ⊇ l 2 that splits K ∩ H + 1 into two parts having u 2 on its positive side. Likewise, there is a unique oriented hyperplane H 3 ⊇ l 3 that splits K ∩ H + 1 into two parts of equal volume having u 3 on its positive side. Since K is centrally symmetric, the volume of a set of the form H
can only have two possible values and this depends only on the parity of the number of positive semi-spaces used. The same is true for the area of a set of the form
and for the area of a set of the form
we have associated in a continuous way three oriented hyperplanes H 1 , H 2 , H 3 . Now we are ready to define a test-map. Let
Each of A, B and C is a continuous function of U = (u 1 , u 2 , u 3 ). The test map f is defined as
Clearly, any zero of f corresponds to a partition with the desired properties. The dihedral group D 4 = Z 2 Z 4 with generators g 1 and g 2 acts freely on SO(3) by
It also acts on R 3 linearly (but not freely) by
Since K is centrally symmetric, f is D 4 -equivariant under the actions we just described. Indeed, observe that g 1 and g 2 transform a semi-space of the form H ± i into another semi-space of the same form. To be precise, g 1 and g 2 transform (H
, respectively (see Figure 1 ).
Consider the polynomial
where u i,j represents the j-entry of u i . This polynomial is also D 4 -equivariant and it has exactly 24 = 3|D 4 | zeros which are all transversal. The result now follows directly from Theorem 2.1 in [17] . These ideas can be traced back to Brouwer and were used by Bárány to show the Borsuk-Ulam theorem, see Section 2. 
We approximate F by a smooth D 4 -equivariant function F ε such that F ε (U, 0) = F (U, 0) = f 0 (U ), sup U,t |F (U, t) − F ε (U, t)| < ε and 0 is a regular value of F ε . The existence of such a smooth equivariant function follows from Thom's transversality theorem [29] (see also [11, pp. 68-69] ), an elementary direct proof can be found in Section 2 of [17] . The implicit function theorem implies that Z ε = F −1 ε (0, 0, 0) is a one dimensional smooth submanifold of SO(3) × [0, 1] on which D 4 acts freely. The submanifold Z ε is a union of connected components which are diffeomorphic either to an interval, or to a circle, the former having their boundary on SO(3) × {0, 1}. The set Z ε has an odd number (3) of orbits under
, observe that g(α(0)) = α(1), indeed, if that was the case then g maps α([0, 1]) to itself and hence has a fixed point, but this would imply that the action of D 4 is not free which is a contradiction. We conclude that an odd number of orbits of Z ε must intersect SO(3) × {1}, i.e. there exists U ε ∈ SO(3) such that F ε (U ε , 1) = 0. Since the previous discussion holds for every ε, there exists U ∈ SO(3) such that F (U, 1) = f (U ) = 0. Remark 1. Let us restate the punch line of the above argument in algebraic topology language: F −1 (0) ∩ SO(3) × {0} is a non-trivial 0-dimensional homology class of SO(3) in the D 4 -equivariant homology with Z/2Z coefficients, on the other hand F −1 (0) is a D 4 -equivariant bordism so F −1 (0) ∩ SO(3) × {1} must also be non-trivial in this equivariant homology, and in particular, non empty.
Symmetric Mahler conjecture in dimension 3
For any piecewise smooth oriented surface A ⊂ R 3 (usually with boundary) define the vector with coordinate i the signed area of the projection of A on e ⊥ i , more precisely
Let dS be the 2-dimensional area form. If A is a positively oriented piecewise smooth surface, then |A| = A dS(x). Let K be a smooth strictly convex body, and n K (x) denote the exterior unit normal to ∂K at x, and observe the following equality between vector valued differential forms
and hence for any piecewise smooth subsurface A ⊂ ∂K.
actually the smooth and strictly convex conditions on K can be dropped for (2) . To see why (1) is true let T x be the tangent plane at x, for a pair of tangent vectors u, v ∈ T x , dS(x)(u, v) is the signed area of the parallelogram spanned by u and v. Let θ be the angle of intersection between T x and e ⊥ i , and observe that (n K (x)) i = cos(θ). On the other hand since the form dx j ∧ dx k doesn't depend on the value of x i , we have
This is the signed area of the projection of the oriented parallelogram spanned by u and v on the coordinate hyperplane e ⊥ i . Thales theorem implies
establishing identity (1) above. Now for any set A ⊂ ∂K, define 0 * A := {rx; 0 ≤ r ≤ 1, x ∈ A}, and observe that
Indeed, if K is a polytope, and A is some subset of the facets of K.
|f | x f , n f , where the sum runs along the facets, x f is any point in the facet f and n f is its unit normal. The general case follows approximating K by convex polytopes. We use these observations to generalize inequality (3) in [23] . 
Proof. From the equality of differential forms we just observed,
Since for all z ∈ K, z, n K (x) ≤ x, n K (x) , we have
The previous proposition and its proof are valid in dimension n: for every A ⊂ ∂K ⊂ R n , we obtain
Using this proposition twice we obtain the following.
The Mahler conjecture follows by an approximation argument from the case in which K is smooth and strictly convex. In this case polar duality defines a diffeomorphism,
• = 1 for every x ∈ ∂K. In the following, for each set A ⊂ ∂K we denote
Before going into the proof of the theorem we establish some notation and make some observations. Firstly, let e + i = {x ∈ R 3 : e i , x ≥ 0}. Observe that
The first line holds because almost every line in the j-th direction intersects e + i ∩ ∂K, zero or two times, and in the latter case the corresponding orientations cancel each other. The second line holds because a line in the i-th direction intersects e + i ∩ ∂K once if it is in the section |e ⊥ i ∩ K|, otherwise it intersects it zero or two times and in the latter case the corresponding orientations cancel each other.
Consider a vector w ∈ {−, 0, +} 3 and define for any set A,
where sign(0) := 0. Denote by w j and r j (w) the vectors in {−, 0, +} 3 given by
and,
Arguing similarly as we did for e + i ∩ ∂K, it is easy to see that
For example,
Let us introduce an abuse of notation in order to obtain nicer looking formulas:
When we pass to the dual for w ∈ {−, +} 3 we write
Observe that (∂K(w))
• is not easy to describe in terms of sections, but with appropriate orientations
Indeed, if we switch the orientation of the submanifolds with boundary 0 * (∂K(w i ) from this equality, then
is the image of the sphere by a piecewise smooth map where almost every line intersects it in an even number of points with canceling signs (actually in two points in our case). In terms of de Rham's cohomology we can see this equality as follows. For every i, j the form dx i ∧dx j is closed, d(dx i ∧dx j ) = 0 and a sphere in R 3 is homologicaly trivial. We define
• holds also in the dual.
Proof of Theorem 1. Since the product volume is a linear invariant, we can apply the equipartition result (Theorem 2) and then apply a linear transformation that positions the body in such a way that the planes used in the equipartition result coincide with the standard coordinate planes.
From the equipartition result one has |K(w)| = |K|/8 for every w ∈ {−, +} 3 . Using that
and Corollary 1 we obtain
The set K(w j ) is at the border of the octants K(w) and K(r j (w)). Since
, and by the equipartition of areas
. Plugging this into the previous inequality several terms cancel. The vector V (w j )
• appears in the sum of scalar products paired with each vector corresponding to the two (dual) octants which contain 0 * (∂K(w j )
• . For example V (0, +, +)
• appears in the sum paired with V (+, 0, +) for being on the (+, +, +) octant and with V (−, 0, +) for being on the (−, +, +) octant however with opposite orientation in the later, so the sum of these terms vanishes. After taking into account all these cancellations we are left only with terms which involve the vector of a quarter of section and its dual, specifically,
|K||K
• | ≥ 8 9
Now we change the order of summation, fix i and vary w, the term
. Each quarter appears twice, one time for each of the octants that bound the quarter of K ∩ e ⊥ i . While neighboring octants have opposite orientations, the orientation of the corresponding dual region cancels the corresponding negative sign. Hence 8 9
For each of these summands we have the following.
where (3) follows from the definition of V , (4) comes from using that the polar with respect to K of the section K ∩ e 
Higher dimensions
We have chosen to not simplify the constants in the course of the proof of the theorem to make it easy to analyze the higher dimensional analogue. An equipartition result is not at our disposal, but the generalization of the rest of the proof is straightforward and provides a new family of examples for which the Mahler conjecture holds.
Proposition 2. If K ⊂ R
n is a centrally symmetric convex body that can be partitioned with hyperplanes H 1 , H 2 . . . H n into 2 n pieces of the same volume such that each section K ∩ H i satisfies the Mahler conjecture and is partitioned into 2 n−1 regions of the same (n − 1)-dimensional volume by the remaining hyperplanes, then
The proof is the same, the first inequality has a 2 n n 2 factor in front. This time there are 2 n−1 parts on each section and each one appears twice so we multiply by a factor of 1 2 n−2 and the sum has n terms, so the induction step introduces a factor of 4 n as desired.
